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Abstract
Assuming that the vacuum energy-momentum tensor is not exceptionally large,
we give a general proof for 4D evaporating black holes with spherical symmetry that
the surface of the collapsing matter can never be farther inside the timelike trapping
horizon than a proper distance ∼ O(n3/2`p) when the black hole is evaporated to 1/n
of its initial mass, as long as n a2/3/`2/3p (where a is the Schwarzschild radius and `p
is the Planck length). For example, the distance between the matter and the apparent
horizon must be Planckian at the Page time.
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1 Introduction
It was emphasized in Ref. [1] that, if the information paradox of black holes is resolved by
converting all information of the collapsing matter (say, the information inside nuclei) into
the Hawking radiation, there should be high-energy events around the horizon (such as the
firewall [2, 3]). However, if the collapsing matter is already far inside the horizon, even a
firewall around the horizon is still not enough unless there are some large-scale nonlocal
interactions at work.
According to the conventional model of the quantum energy-momentum tensor around an
evaporating black hole [4–6], an ingoing negative energy flow appears near the Schwarzschild
radius, which leads to the presence of the timelike apparent horizon [17]. The collapsing
matter can get inside the apparent horizon, and it would be interesting to know the relative
position of the collapsing matter and the apparent horizon after that. The question we want
to answer in this paper is the following: How far is the collapsing matter under the apparent
horizon when the black hole evaporates to a certain fraction of its initial mass, say, one half
at the Page time?
For 4D spherically symmetric evaporating black holes, we consider a generic class of
vacuum energy-momentum tensor without exceptionally large components, and prove that,
due to a robust exponential form of the redshift factor inside the timelike trapping horizon,
the proper distance between the trapping horizon and the collapsing matter is never larger
than n3/2`p when the black hole is 1/n of its initial mass. This estimate is valid until the
black-hole mass is an extremely small fraction 1/n ∼ O(`2/3p /a2/3) of its initial mass. 1 With
or without the firewall, this conclusion reveals an important feature about the geometry
under the trapping horizon.
2 Assumptions
In this paper, we make the following assumptions.
1. Macroscopic evaporating black hole
To justify the use of the semi-classical Einstein equation and low-energy effective the-
ories, we assume that the Schwarzschild radius is much larger than the Planck length:
`p  a(t), (2.1)
where a(t) ≡ 2GNM(t) is the Schwarzschild radius for a black hole of mass M(t)
(where GN = `
2
p/~ is the Newton constant). This justifies the perturbative expansion
in `2p/a
2.
1 For the vacuum energy-momentum tensor defined by a 2D massless scalar field [4], the Planck-scale
proper distance between trapping horizon and collapsing matter was already argued in Ref. [7].
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The time-evolution equation for a(t) is roughly given by
a˙ ∼ −`2p/a2, (2.2)
for the time t of a fiducial observer far from the black hole, so that the time for the
black hole to evaporate to a fraction (< 1/2) of its initial mass is O(a3/`2p). 2 Here we
are concerned with an extremely long elapse of time ∆t ∼ O(a3/`2p).
2. Spherical symmetry
For simplicity, we assume spherical symmetry. The most general spherically symmetric
4D metric is
ds2 = −C(u, v)dudv + r2(u, v)dΩ2, (2.3)
where u and v are the outgoing and ingoing light-cone coordinates, r(u, v) is the areal
radius and dΩ2 is the metric of a unit 2-sphere.
3. Semi-classical Einstein equation
The semi-classical Einstein equation
Gµν = κ〈Tµν〉 (2.4)
is assumed to hold since we will focus only on spacetime regions where the curvature
is small. Here, κ ≡ 8piGN and 〈Tµν〉 is the expectation value of the quantum energy-
momentum tensor operator for a given quantum state in a certain quantum field theory.
Since the quantum effect 〈Tµν〉 is proportional to the Planck constant ~, the quantum
correction to the Einstein equation is proportional to O(`2p).
4. Schwarzschild approximation
Since the Hawking radiation is extremely weak, within a time ∆t ∼ O(a) (see eq.(2.2)),
the spacetime geometry is well approximated by a Schwarzschild solution outside the
trapping horizon where
r − a O
(
`2p
a
)
. (2.5)
The more precise mathematical statement of this assumption will be given in Sec.3.
5. Bounds on energy-momentum tensor
We shall assume that the energy-momentum tensor in the near-horizon region 3 does
not violate the inequalities:
〈T µµ〉 . O
(
1
κa2
)
, (2.6)
〈T θθ〉 . O
(
1
κa2
)
. (2.7)
2 As an example, `2p/a
2
 ∼ 10−76 for the Schwarzschild radius a of the sun.
3 The precise definition of the “near-horizon region” will be given in Sec.(4.1).
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These bounds are much weaker than those of the conventional model [4–6], for which
〈T µµ〉 ∼ O(~/a4) is fixed by the conformal anomaly 4. These conditions also imply
that the curvature is not exceptionally large, no larger than O(1/a2).
6. Trapping horizon
The trapping horizon is the boundary of a trapped region, hence ∂vr(u, v) = 0 on
the trapping horizon. (A spacelike slice of the trapping horizon is called the apparent
horizon.) It is often considered as a replacement of the notion of the event horizon
for dynamical black-holes [11–13]. Since the event horizon is defined by the global
structure of the spacetime, it is irrelevant to the local dynamical geometry. We will be
concerned with the timelike branch of the outer trapping horizon. (See Fig.1.)
This part of the trapping horizon is timelike due to the quantum effect of an ingoing
negative energy flow [14–17]. For the classical Schwarzschild solution, the trapping
horizon and the event horizon are identical, and the areal radius of the event horizon
equals the Schwarzschild radius. In dynamical cases, the event horizon and trapping
horizon are in general different. The quantum correction, which should be of O(`2p)
in eq.(2.4), is expected to introduce a small difference between the areal radius of the
trapping horizon and the Schwarzschild radius:
r(u, vah(u))− a(u) ∼ O(`2p/a). (2.8)
Here, a(u) is the u-dependent Schwarzschild radius which decreases with time as (2.2),
and we use uah(v) and vah(u) to denote the u and v coordinates of the apparent horizon
for given v and u, respectively.
3 Schwarzschild Approximation
The near-horizon geometry is expected to deviate from the classical Schwarzschild solution
due to the quantum correction. But it should be smoothly connected to the classical metric
at large distances. In this section, we study the classical Schwarzschild solution and its
behaviour near the horizon that will be used to deduce the boundary condition for the
near-horizon geometry in the next section.
We consider the gravitational collapse of classical null matter with spherical symmetry
in an asymptotically Minkowski space. We assume that the collapsing matter has a well-
defined surface, outside of which the space is in the vacuum state. Over a period of time
∆t ∼ O(a3/`2p), the geometry of the space sufficiently far away from the Schwarzschild radius
a(t) should be well approximated by the Schwarzschild metric.
4However, eq.(2.7) is violated under the surface of the collapsing matter in the model proposed in Ref.
[9, 10].
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Figure 1: Penrose diagram for a dynamical black hole (cropped at u = u1 to focus on the early
stage of the evaporation). A (null) collapsing matter is shown as a thick strip (green), outside
of which there is negative incoming energy flow. The trapping horizon (blue curve) is spacelike
inside the collapsing matter, timelike outside it, and tangent to the constant-u curve at the point
A where its u-coordinate has the minimal value u0. The constant-r curves (orange) are tangent
to constant-u curves on the trapping horizon. We are not concerned with what happens at the
late stage of the black-hole evaporation when the black hole is no longer macroscopic, or when
the trapping horizon in vacuum is no longer timelike, so we choose a cutoff time at u = u1. The
“near-horizon region” defined in Sec.4.1 is the region (blue shade) bounded by a curve outside but
close to the timelike trapping horizon in vacuum, the curve of u = u1 (dashed green), and the outer
surface of the collapsing matter.
More precisely, since the shift in the areal radius of the apparent horizon by the quantum
correction is given by eq.(2.8), the Schwarzschild solution with a time-dependent Schwarzschild
radius a should be a good approximation at a place well outside the Schwarzschild radius
where
r − a & N`
2
p
a
(3.1)
with a sufficiently large (but finite) N (e.g. N ∼ 10000).
In this section, we consider a further approximation as follows. The Schwarzschild radius
a(t) changes slowly with time as eq.(2.2), and the change in a is a tiny fraction ∆a/a ∼
O(`2p/a2) over a lapse of time of O(a) for a distant observer. That is, for a spacetime region
of ∆t ∼ O(a) and r− a & N`2p/a 5, the Schwarzschild metric with a constant Schwarzschild
radius a is a good approximation.
5 Strictly speaking, r−a & N`2p/a can be satisfied both outside and inside the Schwarzschild radius, since
the areal radius r has a local minimum at the apparent horizon. In the sentence above, we are referring to
the region outside the Schwarzschild radius.
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More specifically, we consider the small neighbourhood outside the trapping horizon 6
r − a ∈
(
N`2p
2a
,
N`2p
a
)
(3.2)
and a period of time [t0, t0 + ∆t] where ∆t ∼ O(a). Here, we assume that N is sufficiently
large so that the Schwarzschild approximation is good, but at the same time, it should not
be too large,
a2
`2p
 N (3.3)
so that (r − a)/a  1. Then, the metric can be approximated as the usual Schwarzschild
metric with the constant radius a that corresponds to that at t = t0:
ds2 = −
(
1− a
r(u, v)
)
dudv + r2(u, v)dΩ2, (3.4)
where the areal radius r(u, v) is related to the tortoise coordinate r∗ via
r∗ ≡ v − u
2
= r(u, v) + a log
(
r(u, v)
a
− 1
)
' a+ a log
(
r(u, v)− a
a
)
, (3.5)
due to eqs.(3.2) and (3.3). In the neighbourhood (3.2), therefore, the Schwarzschild metric
(3.4) becomes approximately
ds2 ' −C0(u, v)dudv + a2dΩ2, (3.6)
where
C0(u, v) ≡ a
r
e
v−u−2a
2a . (3.7)
In the neighbourhood (3.2), the metric (3.4) means
C(u, v) ∼ O
(
`2p
a2
)
. (3.8)
For later use, we introduce Σ(u, v) as
C(u, v) ≡ e
Σ(u,v)
r(u, v)
. (3.9)
Then, Σ0, which is defined by C0 = e
Σ0/r, is
Σ0(u, v) ' v − u
2a
− 1 + log(a). (3.10)
In the above discussion, we have suppressed the u-dependence of the Schwarzschild radius
a(u) because we will apply these expressions only to short periods of time . O(a).
6 The choice of the domain
(
N`2p
2a ,
N`2p
a
)
is arbitrary, as long as it covers a neighbourhood of eq.(3.1) where
the Schwarzschild approximation is good.
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4 Solving Semi-Classical Einstein Equations
In this section, we consider the vacuum energy-momentum tensor satisfying eqs.(2.6) and
(2.7), solve the Einstein equation (2.4) and obtain a robust form of C(u, v). 7
4.1 Near-Horizon Region
In this work, we use the phrase near-horizon region to refer to a region of spacetime defined
as the interior space of the following three hypersurfaces. See Fig.1. The first of the hyper-
surfaces is the timelike 3D trajectory of the 2-sphere which defines the outer boundary of
the near-horizon region. It must be outside the trapping horizon (2.8) where the classical
approximation in the previous section should be valid. Thus we choose the outer bound-
ary of the near-horizon region (for convenience) to coincide with the outer boundary of the
neighbourhood (3.2),
r(u, v)− a(u) = N`
2
p
a(u)
. (4.1)
The 2nd hypersurface is the outer surface of the null collapsing matter, whose areal radius
is denoted by Rs(u). The 3rd is the upper bound of the retarded time u = u1, which is
chosen to cut off the late stage of the evaporation when the trapping horizon in vacuum
turns spacelike. For u < u1, Rs(u) and a(u) are assumed to be much larger than the cutoff
length scale of the low-energy effective theory.
We focus our attention on a range of u ∈ (u0, u1), where u0 is the moment when the
trapping horizon emerges. We emphasize that in the near-horizon region, the ranges of u
and v are both ∼ O(a3/`2p). In terms of the (u, v) coordinates, the near-horizon region
defined above covers a huge space.
The Schwarzschild radius a(u) is monotonically decreasing due to Hawking radiation
as eq.(2.2). The maximal and minimal values of a(u) from u = u0 to u1 are given by,
respectively,
amax = a(u0) and amin = a(u1). (4.2)
The ratio of the initial and final mass is denoted by
n ≡ amax
amin
. (4.3)
The trajectory of the outer boundary (4.1) of the near-horizon region can be parameter-
ized either by u or by v. Using u as the parameter, the v-coordinate on the trajectory is
denoted by vout(u), which satisfies eq.(4.1) as
r(u, vout(u))− a(u) =
N`2p
a(u)
. (4.4)
7For the case of the vacuum energy-momentum tensor based on a 2D massless scalar field [4], the metric
functions C(u, v) and r(u, v) in the near-horizon region are solved from the semi-classical Einstein equation
in Ref. [7].
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Conversely, using v as the parameter, its u-coordinate is denoted by uout(v). Clearly, uout
and vout are the inverse functions of each other; uout(vout(u)) = u and vout(uout(v)) = v.
Note that, for a point (u, v) inside the trapping horizon, where the position of the trap-
ping horizon for a given value of u or v is specified as (u, vah(u)) or (uah(v), v) (see (2.8)),
respectively, we have
v < vah(u) < vout(u), u > uah(v) > uout(v). (4.5)
(See Fig.2.) These inequalities hold because the trapping horizon is timelike, as a result of
the quantum effect of a negative vacuum energy flow. 8.
Figure 2: The trapping horizon (solid blue) and the outer boundary of the near-horizon region
(dash blue) have their u, v coordinates given by uah(v), vah(u) and by uout(v), vout(u), respectively.
The coordinates (u, v) of a point inside the trapping horizon satisfy eq.(4.5).
4.2 Solution Of C(u, v)
As we will see later, only the function C(u, v) in the metric (2.3) is needed to determine
the proper distance between the collapsing matter and the trapping horizon. Here we solve
C(u, v) from the semi-classical Einstein equation (2.4) in the near-horizon region, with the
boundary condition that it agrees with the Schwarzschild approximation in the neighbour-
hood (3.2).
Consider a particular combination of the semi-classical Einstein equations
Gµµ − 6Gθθ = κ
(〈T µµ〉 − 6〈T θθ〉) . (4.6)
It is equivalent to
∂u∂vΣ(u, v) =
C(u, v)
4r2(u, v)
+
κC(u, v)
8
(〈T µµ〉 − 6〈T θθ〉) , (4.7)
8If we consider a point inside a spacelike trapping horizon, we would have v > vah(u) and u > uah(v).
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where Σ(u, v) is defined by eq.(3.9). It admits a simple solution at the lowest order.
For r−a ∼ `2p/a, the naive order of magnitude of the left-hand side of eq.(4.7) is O(1/a2),
9 and that of the right-hand side is O(`2p/a4) because of eqs.(2.6) and (2.7). Hence, the
leading-order approximation of eq.(4.7) is
∂u∂vΣ ' 0. (4.8)
Indeed, in the neighbourhood (3.2) of the outer boundary (4.1) where the Schwarzschild
solution is a good approximation, Σ is approximated by Σ0 (3.10), for which ∂u∂vΣ0 = 0.
We shall treat the terms on the right-hand side of eq.(4.7) perturbatively, and check later
what the range of validity of this perturbative solution is.
Eq.(4.8) is solved by
Σ(u, v) ' B(u) + B¯(v) (4.9)
for arbitrary functionsB(u) and B¯(v). To determineB(u) and B¯(v), we impose the boundary
condition that C(u, v) matches with the Schwarzschild metric (3.7) in the neighbourhood
(3.2) around the outer boundary of the near-horizon region. (See Fig.3.)
Consider an arbitrary point (u, v) inside the near-horizon region. (See Fig.3.) According
to eq.(4.9), over an infinitesimal variation from u to (u + du) along a constant-v curve,
the corresponding change in Σ(u, v) is du∂uB(u). Since it is independent of v, the quantity
du∂uΣ(u, v) for an arbitrary point (u, v) inside the horizon should be identical to du∂uΣ(u, v
′)
in the region (3.2) where Σ ' Σ0 (3.10) with, say, v′ = vout(u):
du∂uB(u) ' du∂uΣ(u, v) ' du∂uΣ0(u, v′)
∣∣∣
v′=vout(u)
' − du
2a(u)
. (4.10)
Here, we have used (3.10) with a time-dependent Schwarzschild radius a(u) and neglected
contributions from ∂ua(u) as higher-order terms. Since the procedure above can be repeated
for each infinitesimal segment du for the same v, the equation above is immediately solved
by
B(u) ' B(u∗)−
∫ u
u∗
du′
2a(u′)
(4.11)
for an arbitrary reference point (u∗, v∗) inside the near-horizon region. One should interpret
a(u) as the Schwarzschild radius for infinitesimal constant-v slices around the boundary of
the near-horizon region. (See Fig.3.)
Similarly,
B¯(v) ' B¯(v∗) +
∫ v
v∗
dv′
2a¯(v′)
, (4.12)
for some function a¯(v) which should be interpreted as the Schwarzschild radius for infinites-
imal constant-u slices around the boundary of the near-horizon region.
9One can use eqs.(3.4) and (3.5) to estimate ∂u∂vΣ = ∂u∂vC/C − ∂uC∂vC/C2 + ∂u∂vr/r− ∂ur∂vr/r2 =
O(1/a2) for r − a ∼ `2p/a.
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Figure 3: The dash blue curve represents the outer boundary of the near-horizon region. Along
the constant-v curve, the u-dependence of Σ must agree with that of Σ0 in the region (3.2).
According to eqs.(4.11) and (4.12), the 0-th order approximation of Σ(u, v) is
Σ(u, v) ' Σ(u∗, v∗)−
∫ v∗
v
dv′
2a¯(v′)
−
∫ u
u∗
du′
2a(u′)
. (4.13)
As a result, we obtain
C(u, v) ' C(u∗, v∗)r(u∗, v∗)
r(u, v)
exp
[
−
∫ u
u∗
du′
2a(u′)
−
∫ v∗
v
dv′
2a¯(v′)
]
. (4.14)
Note that this formula can be applied to any two points (u, v) and (u∗, v∗) inside the near-
horizon region.
We shall adopt the convention of choosing (u∗, v∗) to be an arbitrary point on the outer
boundary of the near-horizon region. Hence (u∗, v∗) can also be written as (uout(v∗), v∗) or
(u∗, vout(u∗)). Then, to match with the Schwarzschild solution (3.4) with a(u) in the region
(3.2), from eq.(3.8), we have
C(u∗, v∗) ∼ O(`2p/a2(u∗)). (4.15)
In view of eqs.(4.5) and (4.14), C(u, v) becomes exponentially smaller as we go deeper inside
the near-horizon region. This is the crucial property of the near-horizon geometry that
prevents the distance between the collapsing matter and the trapping horizon from becoming
macroscopic until the very late stage of the evaporation.
4.3 First-Order Quantum Correction
In this subsection, we check the 1st-order quantum correction to Σ(u, v) according to eq.(4.7).
Since we consider a large range of both u and v of O(a3/`2p), the approximation (4.8) might
break down after the integration over such a large range of u and v. Here, we check that
the approximation is valid over this large range of u and v. Due to the exponential factors
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in C(u, v) (See eq.(4.14)), as we go deeper inside the near-horizon region, C(u, v) becomes
exponentially smaller, and hence the approximation of ignoring the right hand side of eq.(4.7)
gets better.
To be more precise, the correction to Σ(u, v) due to the right-hand side of eq.(4.7) can
be computed perturbatively at the 1st order as
∆Σ(u, v) '
∫ u
u∗
du′
∫ v
v∗
dv′
[
1
4r2(u′, v′)
+
κ
8
(〈T µµ〉+ 2〈T θθ〉)
]
C(u′, v′)
.
[
1
4r2min
+
K
8a2min
]
C(u∗, v∗)
rmax
rmin
∫ u
u∗
du′
∫ v
v∗
dv′ e−
v∗−v′
2amax e−
u′−u∗
2amax
.
[
a2min
r2min
+
K
2
]
a2max
a2min
rmax
rmin
C(u∗, v∗), (4.16)
where we have used eq.(4.5) in the last step, and rmax and rmin denote the maximal and
minimal values of r(u, v) in the near-horizon region. We have also used the condition that
|〈T µµ〉+ 2〈T θθ〉| ≤ K
κa2
(4.17)
at any time, and that K is of O(1) according to our assumptions (2.6), (2.7).
The ratios rmax/rmin and amin/rmin appearing in eq.(4.16) can be estimated without an
explicit functional form of r(u, v). First, eqs. (2.8) and (4.4) say that both the areal radius
r(u, vah(u)) at the trapping horizon and the areal radius r(u, vout(u)) at the outer boundary
approximately equal the Schwarzschild radius a(u) up to higher-order terms ∼ O(`2p/a). This
is one of the two principles that govern the basic features of the function r(u, v). The other
principle is simply the conditions ∂vr(u, v) < 0 and ∂ur(u, v) < 0, which hold by definition
for the trapped region. Therefore, r(u, v) decreases with u for a fixed v. More precisely,
r(u, v) on each constant-v curve decreases slower with u for smaller values of v because of
the larger red-shift factor for deeper places inside the horizon. Thus, at the outer boundary,
the areal radius becomes the maximum on each constant-v curve in the near-horizon region.
At the same time, r(u, v) decreases also with v for a fixed u. The minimum of the areal
radius on each constant-u curve is that on the trapping horizon.
With the discussion above, we can draw an inspection of Fig.4, which is a point-by-point
image of Fig.1 via the coordinate transformation from (u, v) to (r, v). It should be clear that
we can approximate rmax and rmin, respectively, as the maximal and minimum Schwarzschild
radii amax = a(u0) and amin = a(u1). Hence we have the relations
rmax
rmin
' amax
amin
,
amin
rmin
' 1. (4.18)
We thus conclude from eqs.(4.16), (4.15) and (4.18) that
∆Σ . O
(
n3`2p
a2∗
)
, (4.19)
where n is defined in eq.(4.3).
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Figure 4: Schematic diagrams of r(u, v) vs v. For discrete values of u, including u0 and u1, r(u, v)
is plotted as functions of v (green curves) for given values of u. These constant-u curves almost
coincide inside the collapsing matter (thick green strip), as well as in the flat spacetime inside the
matter shell (on the left of the green strip). Outside the collapsing matter, the local minima of the
r(u, v) curves at different u (where ∂vr(u, v) = 0) are located on the trapping horizon r(uah(v), v)
(blue curve). The near-horizon region is shown as the blue-shaded area.
Now, the function C(u, v) will be important to evaluate the proper distance in the next
section. In the definition of Σ(u, v) (3.9), when we write the leading solution (4.14) as C(0),
the correction ∆Σ appears as C = C(0)e∆Σ ≈ C(0)(1 + ∆Σ). Therefore, the condition for C
to be dominated by C(0) is
C − C(0)
C(0)
≈ ∆Σ 1. (4.20)
Thus the evaluation (4.19) means that whenever
n a
2/3
`
2/3
p
(4.21)
holds, the 0-th order result (4.14) is good.
5 Distance in Near-Horizon Region
Finally, we use the 0-th order solution of the metric (4.14) to compute the upper bound of
the distance between the trapping horizon and the surface of the collapsing matter.
First note that the formula (4.14) can be applied to any point inside the near-horizon
region. We can calculate the distance between any two points inside the region connected
through a spacelike curve C restricted to the u−v plane. 10 The proper length along a given
10 Each point in the u − v plane represents a 2-sphere in 4D. The curve C is restricted to the radial and
temporal directions in 4D to define the distance between two concentric 2-spheres.
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curve C is evaluated as
∆L =
∫
C
√
−C(u, v)dudv
≤ C1/2(u∗, v∗)r
1/2(u∗, v∗)
r1/2(u, v)
∫
C
√
−e− u−u∗2amax e− v∗−v2amax dudv
≤ C1/2(u∗, v∗)r
1/2
max
r
1/2
min
∫
C
√−dUdV ' C1/2(u∗, v∗)a
1/2
max
a
1/2
min
∫
C
√
dX2 − dT 2
≤ C1/2(u∗, v∗)a
1/2
max
a
1/2
min
∫
C
dX ≤ 2a
3/2
max
a
1/2
min
C1/2(u∗, v∗)
∼ O
(
a
3/2
max
a
3/2
min
`p
)
= O(n3/2`p), (5.1)
where we have used eqs.(4.18) and (4.15) and the definition n ≡ amax/amin. We also have
introduced new coordinates (see Fig.5):
U = T −X = −2amaxe−
u−u∗
2amax ∈ (−2amax, 0), (5.2)
V = T +X = 2amaxe
− v∗−v
2amax ∈ (0, 2amax). (5.3)
Figure 5: The near-horizon region is mapped to a subspace of the U − V space via eqs.(5.2) and
(5.3). The distance between any two points in the near-horizon region is shorter than the distance
between their images in this diamond. Corresponding to U ∈ (−2amax, 0) and V ∈ (0, 2amax), we
have X ∈ (0, 2amax) and T ∈ (−amax, amax). Within this space, the curve with maximal proper
distance is the X-axis at T = 0, and the curve with the maximal proper time is the T -axis at
X = amax.
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By the same calculation, the proper time for a timelike curve is also at most of the same
order of magnitude.
This result means that any proper distance in the radial direction inside the near-horizon
region is bounded from above by n3/2`p. In particular, this conclusion applies to the proper
distance between the trapping horizon and the surface of the collapsing matter, since both
are in the near-horizon region.
At first glance, this result might seem purely classical because the 0-th order solution
C(u, v) (4.14) has been obtained from eq.(4.8), which includes no quantum correction. How-
ever, we have arrived at eq.(5.1) by using the inequalities (4.5), which is a consequence of
the negative vacuum energy. Therefore, this result actually relies on the quantum effect.
At the Page time (n = 2), the distance between the collapsing matter and the trapping
horizon is at most `p. When 99% of the black hole is evaporated, the distance is at most
100 times the Planck length, which is still too small to be distinguished from 0 in a low-
energy effective theory such as the Standard Model. In other words, from the viewpoint of
a low-energy effective theory, the surface of the collapsing matter simply coincides with the
trapping horizon 11.
6 Conclusion
In the above, we have shown that during the time in which the black hole’s mass is reduced
to 1/n of its initial mass, the proper distance ∆L between the surface of the collapsing
matter and the timelike trapping horizon is bounded from above by ∆L ≤ n3/2`p. This
bound holds for all non-null paths along which dθ = dφ = 0. This condition is valid as long
as n a2/3/`2/3p .
To prove this statement, we have solved the function C(u, v) in the metric (2.3) from the
semi-classical Einstein equation. The zero-th order solution is give by eq.(4.14):
C(u, v) ' C(u∗, v∗)r(u∗, v∗)
r(u, v)
e
− ∫ uu∗ du′2a(u′)−∫ v∗v dv′2a¯(v′) , (6.1)
which is independent of the details of the vacuum energy-momentum tensor. It is a good
approximation under the assumptions listed in Sec.2.
The other function r(u, v) in the metric (2.3) depends on more details about the vacuum
energy-momentum tensor 12. The only feature about r(u, v) needed to derive the upper
bound (5.1) on ∆L is the relation (4.18), which is a consequence of the structure that the
near-horizon region is mostly inside the trapped region.
11Interestingly, another self-consistent model [9,10], in which there is no trapped region, provides a similar
result. A collapsing matter is just above the Schwarzschild radius by a Planckian distance. In this sense, the
conventional model, which we are studying in the present paper, might eventually be close to such a model.
12We can use a 2D model and calculate r(u, v) explicitly [7]. There, we can see the same result about the
short distance and show that the curvature is small.
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Finally, it would be interesting to investigate implications of the extremely small distance
between the matter and the horizon to the information paradox [18].
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